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SKIN FRICTION AND HEAT TRANSFER FOR LIQUID FLOW 

OVER A POROUS WALL WITH GAS INJECTION* 
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Abstract-Some theoretical calculations have been performed to determine the effect of bubbling by 
gas injection through a porous wall on the skin friction and heat transfer characteristics in the bound- 
ary layer of a liquid flowing over it. The results show a significant increase in both the skin friction and 
the heat transfer coefficient. 

Some calculations for a case in which the injected gas makes a continuous film over the surface are 
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NOMENCLATURE 

parameter defined by equation (17); 
parameter defined by equation (16) ; 
drag coefficient of gas bubble moving 
in liquid; 
specific heat; 
bubble diameter at detachment from 
plate surface; 
bubble diameter while attached to the 
surface ; 
time-averaged bubble diameter defined 
by equation (4) ; 
equivalent pore diameter; 
diameter of sintered spheres which 
compose porous material; 
local skin friction coefficient on a flat 
plate with gas injection; 
local skin friction coefficient on a flat 
plate without gas injection; 
total skin friction coefficient on a flat 
plate with gas injection; 
gravitational acceleration; 
conversion factor between force and 
mass ; 
heat transfer coefficient; 

also given. In this case, the skin friction and heat transfer drastically decrease. 

thermal conductivity; 
surface roughness of rough plate; 
length; 
number of pores per unit surface area 
of porous plate; 
constant introduced in equation (9); 
local Nusselt Number with gas in- 
jection; 
local Nusselt Number without gas in- 
jection ; 
Prandtl Number ; 
volume flow of gas injected into liquid 
flow per unit time and unit surface 
area (uniform for the entire surface); 
heat flux ; 
volume fraction; 

dimensionless group = vL ; 

dimensionless group = %s ; 

* This paper was printed as a Technical Report of 
Heat Transfer Laboratory, University of Minnesota, 
Minneapolis, Minnesota, U.S.A. 

t Dr., Assistant Professor at University of Tokyo, 
and also Research Associate at Heat Transfer Laboratory, 
University of Minnesota. 
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Stanton Number z 
h 

CPLPLWC ’ 
temperature ; 
time ; 
time required for bubble growing while 
attached to the surface; 
velocity component parallel to plate 
surface ; 
bubble volume; 
velocity component perpendicular to 
plate surface; 
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co-ordinate parallel to surface measured 
from leading edge of plate; 
length of non-porous section at leading 
edge (no injection); 
co-ordinate perpendicular to plate 
measured from surface. 

Greek symbols 

UG 
a, slip ratio 3 ~~~. 

UI, ’ 

boundary layer thickness; 
density; 
dynamic viscosity; 
kinematic viscosity; 
surface tension at liquid-gas interface ; 
shearing stress at plate surface ; 

ULc; velocity ratio f -~ 
UL,,’ 

Subscripts 

:’ 
value in free stream; 

L: 

value in gas phase; 
value in liquid phase: 

ill, averaged value ; 
M’, value at plate surface ; 
s, value at s. 

INTRODUCTION 

THE DRAG and the heat transfer coefficient 
between a surface and a fluid flowing over it 
are remarkably affected by changing the struc- 
ture of the momentum and the thermal boundary 
layer, respectively. Nucleate boiling is an 
example of increasing the heat transfer from a 
solid to a liquid. This can be explained by 
agitation of the boundary layer caused by the 
generation and the motion of the gas bubbles. 
As is well known, the main resistance to heat 
transfer is restricted to a thin region close to the 
wall, the thermal boundary layer, so that any 
mechanical agitation in this region should 
considerably change the rate of heat transfer. 
It seems reasonable, therefore, to expect that if 
a small amount of gas were injected through a 
porous surface into a liquid flowing over it and 
bubbles were formed on the surface, the liquid 
heat transfer coefficient would significantly 
increase. There is only one former experimental 
work by Gose et al. [l] based on such an idea. 

The results obtained show a significant increase 
in the heat transfer coefficient by injecting a 
small amount of gas. In some circumstances, the 
gas bubbles injected from the porous plate into a 
liquid flowing over it coagulate and make a 
stable and continuous film of gas over the surface. 
In such a case, the heat transfer and the friction 
drag are considerably reduced by the insulating 
effect of the gas layer. 

The purpose of the present investigation is 10 
study analytically the effect of gas injection 
through a porous flat plate on the skin friction 
drag and the heat transfer characteristics in the 
boundary layer of a liquid flowing over the 
surface. 

1. CALCULATION ON A MIXED TWO-PHASE 
BOUNDARY LAYER. ANALYSIS 

The first physical situation which has been 
chosen for study here is the forced convection, 
turbulent boundary layer flow over a flat porous 
plate as shown in Fig. 1. A stream of pure liquid 
approaches the plate. A gas is forced through 

POROUS WALL 

FIG. I. Physical model and co-ordinate system. 

the porous plate and injected into the boundary 
layer. Gas bubbles are formed in the boundary 
layer. Both the liquid and gas phase coexist in 
the boundary layer, and it is assumed that the 
gas phase does not exist beyond the boundary 
layer and that the gas phase is non-condensing. 
The effect of evaporation at the gas-liquid 
interface is neglected. The effect of the gravity 
force is also ignored. 

The control surface is taken in the flow as 
shown in Fig. 2. 

The momentum flow through the plate 1-2 
is J~(RG~G@ + RLPLU~) dy, where R denotes 
the volume fraction, and the subscripts G and L 
indicate the gas and the liquid phase, respec- 
tively. 
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velocity profile of the liquid is given by Prandtl’s 
equation 

l-4-1 
i 

UL y I!7 
-=- 

a-EOUND;;MYELAYER ULCC 0 6 
L-- 

_-- 

0 0 

0 
and that the shearing stress at the wall is given 

0 
by the rough plate equation [2] 

L O 

0 0 
720 = $PLU&, 2.87 + l-58 ln kx_ 1 

-2.5 

(3) 
0 0 w 

where the surface roughness k, is originally 
introduced by Nikuradse as the grain size of the 
sand glued on the wall surface as tightly as 

FIG. 2. Calculation of the flow boundary layer. 

In progressing by the small distance dx, this 
momentum flow changes by 

possible. It is considered here that the injected 
bubbles act as surface roughnesses hydro- 
dynamically and the grain size kw is replaced 
by some characteristic length referred to the 
bubble diameter. The bubbles grow up on the 

Considering the volume flow of gas injection 
through the wall 1-3, Qcdx, the volume flow 
through the plane 2-4 is 

d.~ is” (RGPGU; + RLPLU~ dy. 

surface, detach and new bubbles grow again, so 
that the system is not steady state. For simplicity, 

0 the time-averaged diameter of the growing 
bubble is taken here for replacing kw : 

C+ D’ dt 
Dm= ‘up 

dx & 
s 

’ (RGUG + RLUL) dy - Qo dx. 
where At is the time required for bubble growing 
while attached to the surface. The bubble gr0wt.h 

0 rate can be equated to the volume flow of the 
injecting gas, Qo, and the number of bubbles 
per unit area of the surface as follows : 

This flow through the plane 2-4 is the liquid 
phase only, and it has the velocity component of 
UL~ in the x-direction. Therefore, the x-momen- 
tum flow through the plane 2-4 is 

‘La PL 
By neglecting the pressure gradient along the 

wall, the whole increase in x-momentum is 
equated with the shear stress TV along the wall 
l-3 as follows: 

where the bubble is assumed to keep the spherical 
shape. Therefore, 

dD’ Qo 2 __ = 
dt N ’ a2’ 

Introducing this equation into the equation of 
D, gives 

s DN - 

Dm= o QG 
. $?dD’ 

+ RLPLUL(UL, - ~~11 dy - UL,QGPL = ~w. DN 

s -- - 

“D rrD’2 = 4 (4) 

(1) 0 QG ’ 2 dD’ 

where D is the bubble diameter at detachment 
from the surface. The bubble diameter at detach- 
ment from the surface D can be determined from 

P’or the calculation, it is assumed that the a balance of the fluid force acting on the bubble 

The integration limit has now been changed 
since, in the range 6 < y < I, RG = 0 and 
(UL - UL) = 0 from the assumptions. -m _ _.. 
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FIG. 3. Calculation of the bubble diameter. 

and the surface tension force (Fig. 3). The drag 
force acting on the bubble is 

where CD is the drag coefficient and 11~ is the 
effective fluid velocity to the bubble which is 
approximated as a mean velocity: 

The surface tension force at the pore is a little 
complicated. Generally three surface tensions 
are acting, namely, surface tensions acting on the 
liquid-gas, liquid-solid, and gas-solid interface. 
Furthermore, the bubble actually changes its 
shape from sphere. For simplicity, the order of 
magnitude of the surface tension balanced with 
the above mentioned drag force can be con- 
sidered as xad, where u is the surface tension 
of liquid-gas interface and d is the equivalent 
pore diameter. 

By equating the forces due to drag and surface 
tension, 

where the effects of the forces due to buoyancy 
and lift are ignored. Then, the bubble diameter 
at detachment from the porous surface becomes 

32g d (T . 9” 
p/7 = _.LL ~_l~__.m_ 

CD. PI, . uL% ’ 
(5) 

The drag coefficient of an air bubble moving 
in the liquid has been measured by Peebles and 
Garber [3] as 

Substituting (6) into (5) gives 

Then the boundary layer thickness ci can be 
determined from equations (I), (2), (3), (4) and 
(7). By introducing (2) and (3) and the slip 
ratio n ZE U&L, (1) can be re-written as 

It is difficult to assume the void distribution Rc: 
in the boundary layer. For simplicity in the 
calculation, it is assumed to be given by 

Rc _ Rc,. [l .~~ (.;)“j. (n .;- 0) (9) 

where RL()~ is the void fraction at the wall and 
is equated to the equivalent pore diameter d and 
the number of pores per unit area of the wall 
surface N as 

From the continuity equation. this Rc; is 
equated to the injection rate Qe as follows: 

Introducing (9) into (11) gives the range of 
parameters to satisfy the condition n > 0 as 

a&,,.. (12) 
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Beyond this range, R is assumed to be given by friction coefficient fW is obtained by using those 
RG = RG, = constant, calculated values of the boundary layer thickness 

as 

for $ Ix+ 2s iaRc,. (13) 
126 

i 

C+ 1+8In+ 
1 

-2.5 

CD 
fw=m = 

. 

~ubstitutjng (2), (7), (9), (10) and (II) into (8), 
6 

and rearranging terms result in (19) 

FE-i_ (C+ M8ln~~)-83 [h3aRc,z-8% (1 -$)]2 

dRe, _--- = 

for 

$f (1 -2) <iaRc,.(14) 

where 

Rex EC%, Res. L= ?ff?.?, 
SUL 

VL VL 

Re,zL 
VL 

For the region 

substituting (2), (7), (10) and (13) into (8) results 
in the following equation : 

for e 
li 

. gf (1 -2) >iaRc,. (18) 

The boundary layer thickness is determined by 
inte~ating (14) or (18). Then the local skin 

The boundary layer flow treated here can be 
considered as highly turbulent flow by the effect 
of gas injection. In this case, the molecular 
diffusivity of momentum and heat is considered 
to be small enough compared with the eddy 
diffusivity throughout the boundary layer. If the 
existence of the laminar sublayer on the wall 
surface is ignored, the heat transfer coefficient 
can simply be determined from the values of the 
skin friction coefficient by assuming Reynolds’ 
analogy : 

(20) 

Although the covered range is rather limited, an 
experimental investigation [4] for the forced 
flow, nucleate boiling heat transfer suggests that 
this analogy could be applicable for the case 
that the effect of the bubble generation on the 
friction and heat transfer is a hydrodynamic one. 

RESULTS 

E~i~a~ent pore d~~eter d and nurser of the 
pores per unit area N 

The porous material is considered here to be 
made of sintered small spheres, the diameter of 
which is denoted as d’, as shown in Fig. 4. The 
equivalent pore diameter d can be obtained from 
the equation 

(21) 
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On the other hand, the number of the pores per 1468 at Re,, = 103. This value was calculated 
unit area N can be written as from the equation 

(22) 
Re, :~-= 464v,( Rer ) il4) 

by assuming that there exists a small ieading 
section covered with a laminar boundary layer. Substituting (22) into (21) gives 

Slip ratio a 
There is no available data for the slip ratio 

between the bubble and the liquid flowing in a 
horizontal tube. The slip ratio a = u~/ur; is 

FE. 4. Calculation of the equivalent pore diameter. 

generally considered as a function of the void 
fraction RG. It can be considered from the avail- 
able data for a vertical tube [S] that, when the 
void fraction decreases to zero, the slip ratio 
approaches unity. For simplicity in the calcula- 
tion, the slip ratio is assumed here to be unity. 

Air injection into lc*aterJow 
The air injection through a porous flat plate 

into the boundary layer of water flowing over 
the surface was investigated here. The tempera- 
ture of the flow field is selected as 60°F. The 
selected parameters C, which depend on the 
pore diameter, are +O. 17 and - 1.91. These 
values correspond to the pore diameters of 
d = 0.01 (mm) == 3.28 x lo-” (ft) and d = 1 *O 
(mm) = 3.28 :X 10~” (ft), respectively. The se- 
lected injection parameters Q&L&, are O+IOl, 
0.01, and 0. I. The numerical solutions of (14) 
and (18) were obtained by using the Runge- 
Kutta method. By using the calculated values of 
Re, for various Rex, the values of the local skin 
friction coefficient ftu are obtained from (19). 
The calculated results of local and also total skin 
friction coefficient are shown in Figs. 5a and b. 
It was assumed here that the initial condition 
for the numerical integration is taken as Re8 = 

2. CALCULATION ON A COMPLETELY 

SEPARATED TWO-PHASE BOUNDARY 

LAYER. ANALYSIS 

In some circumstances, the gas bubbles 
injected from the porous plate into a liquid 
flowing over it coagulate and make a stable and 
continuous film of gas over the surface. In such 
a case, the heat transfer and the friction drag are 
considerably reduced by the insulating efTect of 
the gas layer. Some solutions of this kind of 
problem are presented [6] within the framework 
of laminar boundary-layer theory. 

The second section of the present investigation 
is intended to show the effects of the gas injection 
rate and Reynolds number of the free stream on 
the reduction of the skin friction drag by using 
more simplified theory. 

The physical model is shown in Fig. 6. A 
stream of pure liquid approaches a flat plate. 
A gas is injected uniforln~y from the surface into 
the boundary layer, and makes a continuous 
film over the surface. It is assumed that the gas 
phase is non-condensing and the evaporation at 
the liquid-gas interface is ignored. The buoyancy 
effect is also neglected. 

The velocity profile in the gas layer is assumed 
to be given by a linear equation as 

where u~c is the velocity at the liquid’-gas inter- 
face. The continuity equation for the 5-1s phase is 

QGx .- J; ur:dq’ -.-. &,06:- 136) 

where the length of the non-porocs leading 
section is assumed to be zero. 

At the interface, the balance of the shear forces 
of both phases exists as 

137) 

If it is assumed that the thickness of gas layer 
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FIG. 5a. Coefficient of local skin friction of water flow on porous flat plate with air injection. 

FIG. Sb. Coefficient of total skin friction of water flow on porous flat plate with air injection. 

increases slowly with x, the shear force of the 
liquid phase at the interface can be approximated 
by the shear force on a smooth flat plate which 
is moving with the liquid in the same direction 
at an interface velocity. Then (27) becomes, for a 
case in which the liquid boundary layer is 
laminar, 

PG z = SPL(UL, - ULGY (uL o.;;G)x 
co- 

1 

0.5 

VL 

(28) 

by assuming Blasius’ equation : 

fw, = g 
x 

(29) 

and for a case in which the liquid boundary 
layer’is turbulent, 

11GZ = gPL(uL, - ULG)' 
0.0592 

(uLm - uLG)x 0B2 - 

VL I 

(30) 
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FIG. 6. Physical model and co-ordinate system. 

by assuming Prandtl’s equation: 

(31) 

where,f& denotes the local skin friction coefficient 
on a smooth flat plate without gas injection, 
Rearranging the terms gives 

(32) 

(33) 

where ,$= .;;,. 
‘2 

The skin friction coefficient with gas injection 
can be obtained from 

Introducing (28) and (30) into (34) gives 

.fL 
r-, = (1 I... [)i,5 (laminar) (35) 

li i, 
:= (I - 0”” (turbulent). (36) 

The velocity ratio 5 - UI,G/UL~ is calculated 
from (32) or (33) for various values of Qu/uz,, 
and Rez. Using the calculated values of E, the 
local skin friction coefficient _& can be obtained 
from (35) or (36). 

Assuming the temperature profile in the gas 
layer to be linear, the heat balance at the liquid- 
gas interface is 

where Nuzo denotes the local Nusselt number on 
a flat plate without gas injection and it is 
obtained from text books as 

Nuz,, -. O-332 Pv;~3Re?’ \ i.34) 

for the case of laminar liquid boundary layer. or 

Nu,,, = 0.0296 PrZ‘3Reo:X ‘139) 

for the case of turbulent liquid boundary lacer. 
If the heat transfer coefficient with gas rnjec- 

tion is defined as 

rt.l: = W-r,, ‘l’,c) I-t(l) 

introducing (40) and the velocity ratio C into (37) 
gives 

where Nu, is the local Nusselt number vvlth gas 
injection defined as 

The heat transfer coefficient with gas injection 
can be calculated from (41) together with (32) 
and (38) for the case of laminar liquid boundary 
layer, or with (33) and (39) for the case of 
turbulent liquid boundary layer. 

RESULTS 

The uniform air injection through a porous 
flat plate into the boundary layer of vvater 
flowing over the surface was investigated. The 
selected temperature of the flow field is 68IF. 
Some calculated results for the skin friction 
coefficient are shown in Fig. 7. A significant 

7 

(37) FIG. 7. Reduction of the local skin friction coefficienr. 
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decrease in the skin friction coefficient can be California at Los Angeles, Dr. E. R. G. Eckert, Professor 

expected as shown in Fig. 7 by producing a 
stable and continuous gas layer between a sur- 
face and a liquid flowing over it. 

CONCLUSIONS 

The effect of gas injection through a porous 
flat plate on the skin friction and heat transfer 
characteristics in the boundary layer of a liquid 
flowing over the surface is studied. 

The calculated results for a case of bubbling 
by gas injection show a significant increase in the 
skin friction and the heat transfer coefficient. 
The porosity of the wall has a considerable 
effect on the increase in the skin friction and the 
heat transfer; on the other hand, the effect of 
changing the rate of gas injection is less signi- 
ficant. 

Calculations for a case in which the iniected 

of Mechanical Engineering at the University of Minne- 
sota, and Mr. T. Frederking, Department of Engineering 
at UCLA, for their valuable discussions during the 
course of the study. 

This work has been performed during the first men- 
tioned author’s stay at UCLA, and at the University of 
Minnesota under the fellowship of the International 
Atomic Energy Agency. 
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R&sum&Quelques calculs theoriques ont ete faits pour determiner I’effet du bouillonnement produit, 
par l’injection de gaz a travers une paroi poreuse, sur le frottement a la paroi et les &changes thermiques 
dans la couche limite d’un liquide s’ecoulant sur cette paroi. Les rtsultats montrent un accroissement 
sensible a la fois du coefficient de frottement par&al et du coefficient d’echange thermique. 

Des calculs effectues darts le cas ou le gaz inject6 fait un film continu a la surface sont Cgalement 
presentes. Dans ce cas, le frottement a la paroi et la transmission de chaleur decroissent serieusement. 

Zusammenfassung-Der Einfluss der Rtihrwirkung eines durch eine porose Wand eingeblasenen Gases 
auf Wandreibung und Warmeiibergang in der Grenzschicht einer stromenden Fliissigkeit wurde mit 
Hilfe einiger theoretischer Rechnungen bestimmt. Die Ergebnisse zeigen ein deutliches Ansteigen 
sowohl der Wandreibung als such des Wlrmetibexgangskoeffizienten. Einige Rechnungen sind ftir den 
Fall durchgefiihrt, dass das eingeblasene Gas an der Wand einen zusammenhangenden Film bildet. 

Dafiir nehmen Wandreibung und Warmeilbergang sehr stark ab. 

AmroTaqri~-Ebtnzi BbmonKeHbt HeKoTopbre TeopeTKuecKKe pac4ETbI n~rn onpe~eneamr 
BJInKHnn nY3blpbKOB. 06pa30BaHHbEi II&HI BAYBe ra3a ‘rep’53 nOpKCTJW CTeHKY, Ha 
XapaKTepKCTnKn nOBepXHOCTHOr0 TpeHHFI II TenJIOO6MeHa B nOrpaHMYHON CJIOa HCnJ(KOCTH, 

OMbIBatOmeZi CTRHKY. Pe3J’JIbTaTbI BbI’JWCJEHHFI yKa3blBaIOT Ha 3HauKTeJIbHOC yBeJInW!HKe 
KaK nOBepXHOCTHot’0 TpeHKn, TaK M K03@$UNuieHTa TenJIOO6MeHa. 

npMBeAeHb1 TaKFKe HeKOTOpbIe paW&TbI AJIn, CJIJ’qaR KOraa BAyBaeMbIg fa3 o6pa:ryer y 
noBepXHOCTH HenpepbIBHJ’H, n&HKy. B 3TOM CJlyHae nOBepXHOCTHOe TpeHne II TenJIOO6MeH 

pe3KO YMeHbmatOTCH. 


